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Intended Learning Outcomes

In this chapter, we consider insulating materials, or dielectrics.

Such materials differ from conductors in that ideally, there is no free charge that can be
transported within them to produce conduction current.

An applied electric field has the effect of displacing the charges slightly, leading to the
formation of ensembles of electric dipoles; this process is called Polarization . The
extent to which this occurs is measured by the relative permittivity, or dielectric
constant.

Boundary conditions for the fields at interfaces between dielectrics are developed to
evaluate these differences.

In the end, the methods for calculating capacitance for a number of cases are presented,
Including transmission line geometries, and to be able to make judgments on how
capacitance will be altered by changes in materials or their configuration.



Dielectrics and Polarization

O Dielectrics are materials which have no free charges; all electrons are bound and

associated with the nearest atoms (Fig. 7.1(a)). They behave as electrically

neutral when they are not in an electric field.

L An external applied electric field causes microscopic separations of the centers of

positive and negative charges as shown in Fig 7.1 (b).

1 These separations behave like electric dipoles, and this phenomenon is known as

dielectric polarization.



Dielectrics and Polarization

~-Q +Q Electric dipole
p==Cd / moment

(@) (b) (c)

Figure 7.1 (a) Model of a nonpolar molecule, (b) the molecule
in an external electric field, and (c) the electric dipole that
produces the same field as the molecule in (b)



Dielectrics and Polarization

Dielectrics may be subdivided into two groups :

* Non-Polar: dielectrics that do not possess permanent electric dipole moment. Electric dipole
moments can be induced by placing the materials in an externally applied electric field.

« Polar: dielectrics that possess permanent dipole moments which are ordinarily randomly
oriented, but which become more or less oriented by the application of an external electric
field. An example of this type of dielectric is water.
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Orientations of non-polar molecules when(a) E,= 0, and (b) E, # 0. Orientations of polar molecules when(a) E,= 0, and (b) E,# 0.



Dielectrics and Polarization

However, the alignment is not complete due to random thermal motion.

The aligned molecules (induced dipoles) then generate an electric field that is
opposite to the applied field but smaller in magnitude.
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Dielectrics and Polarization

Suppose we have a piece of material in the form of a cylinder A5

with area A and height A, and that it consists of N electric \d/
dipoles, each with electric dipole moment p spread uniformly E fe (B
throughout the volume of the cylinder. Al 1P 4y ¥
what is the average electric field just due to the presence of Tf G “F
the aligned dipoles? RN

g P .

To answer this question, let us define the polarization vector
P to be the net electric dipole moment vector per unit volume:

N
> p, (1)




Dielectrics and Polarization

In the case of our cylinder, where all the dipoles are perfectly aligned, the
magnitude of P is equal to b Np

C/m? y 10y

Ah + o
From the equivalence between (Fig. (a) and (b)), we @ f e 2
have two net charges +Q,which produce net dipole 0600
moment of Q.4 hence Np 0900
P 0906 L8
we note that the equivalent charge distribution @\@ Q{E g

resembles that of a parallel-plate capacitor, with an
equivalent surface charge density o, that is equal to
the magnitude of the polarization:

(a) (b)
O N (a) A cylinder with uniform dipole distribution.
Cp = Yp _ P _ P (b) Equivalent charge distribution.
A Ah




Dielectrics and Polarization

Thus, our equivalent charge system will produce an average electric field of
magnitude EP = ﬁ/eo. Since the direction of this electric field is opposite to the
direction of P, in vector notation, we have

—

E,=-P/¢, (2)
The total electric field E is the sum of these two fields:
E=E,+E,=E,-P/¢, 3)

In most cases, the polarization P is not only In the same direction as E but also

linearly proportional to E"},(and hence E.) This is reasonable because without the
external field there would be no alignment of dinoles and no polarization. We
write the linear relation betweenandas P=¢,7 E (4)
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Dielectrics and Polarization

where 7, Is called the electric susceptibility. Materials that obey this relation are
linear dielectrics. Combing Egs. (2) and (3) gives

E,=(+ 7,)E=«FE (5)

where & =Ko =1+ %o

IS the dielectric constant. The dielectric constant x,is always greater than one
since y, > 0.

Thus, we see that the effect of dielectric materials is always to decrease the
electric field below what it would otherwise be.

11
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Dielectric Constant and Susceptibility

Electric flux Density (D):

Electric flux density is defined as charge per unit areaangd. it has,same units of
dielectric polarization.

Electric flux density D at a point in a free space or air in terms of Electric field
strength is D, =¢,E

At the same point in a medium is givenby D =¢E

As the polarization measures the additional flux density arising from the presence
of material as compared to free space

D=¢,¢E (6)

12
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Definitions

Polarization: the process of creating or inducing dipoles in a dielectric medium by
an external field.

Polarizability: the ability of dielectric to form instantaneous dipoles. It is a
property of matter

Polarization vector: it is defined as the dipole moment per unit volume.
nAv

P= lim —Zp; C/m?

Av—0 Ap
Electric susceptibility (y,) IS a almensmnless proportionality constant that
Indicates the degree of polarization of a dielectric material in response to an
applied electric field. The greater the electric susceptibility, the greater the ability
of a material to polarize in response to the field, and thereby reduce the total
electric field inside the material (and store energy).

Xe :Er_l
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Definitions

permittivity (g): 1s the measure of resistance that is encountered when forming an
electric field in a medium. In other words, permittivity i1s a measure of how an
electric field affects, and is affected by, a dielectric medium.

£ =¢ee9 = (14 x)eo
permittivity € is measured in farads per meter, and & is the relative permittivity of
the material.

Dielectric Constant (relative permittivity) gives a measure of the polarizability of
a material relative to free space and is defined as the ratio between the permittivity
of the medium to the permittivity of free space.
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Boundary conditions for Dielectric
materials

Let us first consider the interface between two dielectrics having permittivities &,
and &, and occupying regions 1 and 2, as shown in the figure below.

We first examine the tangential components by using

ng-dL:U

around the small closed path, obtaining
Ein1 AW — Eygn2 Aw =0

The small contribution by the normal component
of E along the sections of length Ah becomes
negligible as Ah decreases and the closed path
crowds the surface. Immediately, then,

Etan 1 — Elﬂnﬁ




Boundary conditions for Dielectric
materials

The boundary conditions on the normal components are found by applying Gauss’s
law to the small “pillbox” shown in the figure below.

The sides are again very short, and the flux leaving Dy
the top and bottom surfaces is the difference Region 1 | - \ -
DniAS — Dy AS = AQ = psAS £
Dyy — Dy = ps (8) \ﬂm
This charge may be placed there deliberately, thus Region 2

]

unbalancing the total charge in and on this
dielectric body. Except for this special case, ps IS

zero on the interface: Hence
Dyi = Dpo or e1Eyi = eEnn (9)
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Boundary conditions for Dielectric
materials

Let D1 (and E1) make an angle 6, with a normal to the
surface as shown iIn the figure. Because the normal

components of D are continuous,
Dyy = Dycosty = Drcostr = Dy (10)

But Dian — Epy = Epny = Dyan2 Dygp 1 _ E_l
€1 €2 Dyny €
Dtanz
Thus e, D sinby =€, D,s1n b,
and the division of this equation by (10) gives
tan 6, €]
= — (11)

tan &, B €7

17
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Boundary conditions for Dielectric

materials

Example: Find the fields within the Teflon slab (g, = 2.1),
given the uniform external field E_ = E, a, In free space.

— S
as shown In Figure, with free space on both o
sides of the slab and an external field 6 =21
¥.= 1.1
l:-‘ﬂ:l-ul — El]ﬂx
We also have
E= By O— o [ =0.476L, G- [ = [
Dn:bul — €[ EDHI D =gy Ey @i S D =¢,E, o D=, [,
and P=0® o— P=0.5245,E, . P=0
Pc:ut = 0. e
— .

18
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Boundary conditions for Dielectric

materials
Inside, the continuity of D, at the boundary allows us to find that D,, = D, =
&Eqsax. This gives us )
— ——-____H____A_,f T
E'm — D'm‘fE = EQEDEIIH{EFEQ) = ﬂd?ﬁEﬂﬂT Teflon
g =2.1
To get the polarization field in the dielectric, %o~ 11
we use D = g E + P and obtain
P, =D, — «FE, E=E Qu— o E=0.476E,
D = £ Flj Ommmmmipn i [) = £y By
= €oEpay — 0.476€ Epa, P=0® — P=0524¢,E,
= 0.52451}.’3[.31
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Boundary conditions for Dielectric
materials

D5.9. Let Region 1 (z < 0) be composed of a uniform dielectric material
for which ¢, = 3.2, while Region 2 (z = 0) is characterized by ¢, = 2. Let
D, = —30a, +50a, 4 70a, nC/m? and find: (@) Dyy: (b) D;y: (€) |D,1L (d) |D,|;

(e) 6. (f) Py.

Ans. 70 nC/m*; —30a, + 50a, nC/m?*; 58.3 nC/m*; 91.1 nC/m*; 39.8°; —20.6a, +
34.4ay + 48.1a; nC/m?

11/24/2017



Boundary conditions for Dielectric
materials

A X
The boundary at plane Z = 0, hence
D, = —30a, +50a, + 70a, nC/m* v
( Y J \_Y_; (’)

& = 3.2 €, = 2

DI‘J DNJ Region1l Region?2
. 2 2 . 2 2 2
Dy|=/DZ +D? D,|=,/D?+D? + D

6, = cos™( [I)DNl /




Boundary conditions for Dielectric
materials

D5.10. Continue Problem D5.9 by finding: (a) Dy2; (b) Dsa: (¢) Da; (d) Py
(€) 6.

Ans. 70a: nC/m?*; —18.75a; + 31.25a, nC/m”; —18.75a, + 31.25ay + 70a; nC/m?;
—9.38a, + 15.63a, + 35a, nC/m*; 27.5°




Capacitance

The characteristic that all dielectric materials have in common, whether they are
solid, liquid, or gas, and whether or not they are crystalline in nature, Is their
ability to store electric energy.

This storage takes place by means of a shift in the relative positions of the
Internal, bound positive and negative charges against the normal molecular and
atomic forces.

A capacitor is a device that stores energy; energy thus stored can either be
associated with accumulated charge or it can be related to the stored electric field.

11/24/2017 23




Capacitance

A capacitor is a device for storing electrical charge.

Capacitors consist of a pair of conducting plates separated by an insulating material (oil, paper, air).
The measure of the extent to which a capacitor can store charge is called Capacitance.

Capacitance is measured in farads F, or more usually microfarads pF or Pico farads pF.

Capacitor Charging

TR +0

+Q oy - A
EEEE R EEE R EE R
I | "I 1 \ \ | ‘,‘ v}\ ‘ .", ""‘ I

|
T I } AV applied

charge: 0—1Q
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Capacitance

We define the capacitance of a two-conductor system as “the ratio of the
magnitude of the total charge on either conductor to the magnitude of the
potential difference between conductors”.

Lt C = 2 Farad
++ . VD

1F=1farad = lcoulomb/volt

11/24/2017 25




Capacitance

In general terms, we determine Q by a surface integral over the positive
conductors, and we find V;, by carrying a unit positive charge from the negative to
the positive surface,

- f.€E - dS
~ —[TE.dL
The capacitance iIs independent of the potential and total charge, for their ratio is

constant.
The capacitance is a function only of the physical dimensions of the system of

conductors and of the permittivity of the homogeneous dielectric.
Eo&, A C_ 2re 6, L

d In(b/a)

C =
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Capacitance

Case 1: Dielectrics without Battery

b+ ++H+++

= S e Q
Eb

= P — VOLTS

SO IR VOLTS

« Asshown in Figure, a battery with a potential difference |AV,| is first connected to a capacitor C,,
which holds a charge Q, = C,|AV,| . We then disconnect the battery, leaving Q, = const.
* insert a dielectric between the plates, while keeping the charge constant, experimentally it is

found that
gr

» This implies that the capacitance is changed to

= =&

c= 2 2 C,




Capacitance

Case 2: Dielectrics with Battery

+ +|+ + + 4+ H+ + +
+ -

A = A

« Consider a second case where a battery supplying a potential difference |AV,| remains connected
as the dielectric is inserted. Experimentally, it is found

Q = grQO
» where @, is the charge on the plates in the absence of any dielectric.
» This implies that the capacitance is changed to

_ Q _&Q
= = = &Ly
|AV, | |AV,]
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Capacitance

Parallel-plate Capacitor

Consider two metallic plates of equal area A separated by a distance @, as shown
In the figure below. a uniform sheet of surface charge +p5 on each conductor leads

to the uniform field E_Ps
€

a; and D = psa;

Conductor surface —Ps z=d
Y W |
“H

Uniform surface £
charge density

n;
Conductor surface tPs 2=

29
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Capacitance

Parallel-plate Capacitor

The potential difference between lower and upper planes is

Vo= E-dL=—] %dz:&d

upper e

Q= p A
V, =254
&
nc=2_H
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Capacitance

Parallel-plate Capacitor

D6.1. Find the relative permittivity of the dielectric material present in a
parallel-plate capacitor if: (a) § = 0.12 m2. d = 80 pm, Vo = 12 V, and the
capacitor contains 1 uJ of energy: (b) the stored energy density is 100 J/m°.
Vo =200V, andd =45 um: (¢) E =200 kV/m and ps = 20 uC/m?.

Ans. 1.05;1.14; 11.3

31
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Capacitance

Cylindrical Capacitor

To calculate the capacitance, we first compute the electric field. Due to the
cylindrical symmetry of the system, we choose our Gaussian surface to be a coaxial
cylinder with length £ < L and radius rwhere a< r< b. Using Gauss’s law, we have

ﬁ E-dA= Qencolsed [ &
S

EA = EQure) = "T”’
P1

R
2TCET

Q

Where i‘ is the line chari;e densiti, and i‘: < ——




Capacitance

Cylindrical Capacitor

The potential difference is given by
a
AV =V, -V, =-|E, dr

Y ad?‘_ P1 1 (b>
= - —_— = —Inl —
2ne ), r  2me

C: Q — IOIL
AV p In(b/a)/ 27z

27rel

~In(b/a)
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Capacitance

Spherical Capacitor

let’s consider a spherical capacitor which consists of two concentric spherical shells
of radil @aand 6, as shown in Figure

Gaussian
surface

(b) Gaussian surface for calculating the

11/24/2017



Capacitance

Spherical Capacitor

The electric field is non-vanishing only in the region a < r < b. Using Gauss’s law,
we obtain o 0
JPE-dA=EA=E, (47" )==
S e
2

E =
dre,

Therefore, the potential difference between the two conducting shells is:

. dr Q (1 1 Q (b-a
AV =V, -V, =—| E, dr=- o)
a b Ib ' 472'50-[ 472'80 (a bj 472-‘90( ab j

which gives O ( ab )

C = =4re

AV | "Lb-a




Capacitance

Find the capacitance shown in the figure, where the region
between the plates is filled with a dielectric having a dielectric
constant ¢

Solution: S
Assuming the voltage applied to the electrodes is V, /&
X a >
Vo =—[ E-d
Using the cylindrical coordinates system (r, o, z), it is clear that Y A—— —
the field is in the a, direction T, N

V, :—ij5¢ dg Where d|¢ = I’d¢

0
= -| E,rd¢=E,ra
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Capacitance

From the boundary conditions for conductors
Os = Ds =&V, Ira

~. The total charge on the plate
Q= :_[psds , ds=drdz

Q= .rrbjoh (eV, /ra)drdz

J‘rb €V h dr EVOh In r_b
a I,

— Q _ ‘Sh rb . _ gogrh




Multiple-Dielectric Capacitors

Let’s consider the two parallel-plate capacitor having two dielectric materials ¢, and
& , as shown in the figure below, and their thickness are @; and d,, respectively.

Area, §
[ !
Conducting 2 b d
plates '
£ d I
¥

parallel-plate capacitor containing two dielectrics with the
dielectric interface parallel to the conducting plates.
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Multiple-Dielectric Capacitors

Suppose we assume a potential difference Vj
between the plates. The electric field Intensities In Area. S
the two regions, E, and E,, are both uniform, ¥
£ d
V, = E,d, + E,d, Yo
At the dielectric interface, E is normal, and from the ! . '

boundary conditions
Dy, =Dy, = gE, =¢E,
V,=Ed,+E,d,
=E,d, + [(51/52)E1]d2

c B = Vo

11/24/2017



Multiple-Dielectric Capacitors

From the boundary conditions for conductors, the surface

charge density on the lower plate has the magnitude

Area, §
VO )
P = D A S T+ (4y)0) o al
Because D, = D,, the magnitude of the surface charge £ d]I
IS the same on each plate. The capacitance is then
C — Q _ PsS _ 1
Vo Vo o (d/Sg)+(d,/Se,)

1
C =
(1/C)+(1/C,)

11/24/2017
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Multiple-Dielectric Capacitors

If the dielectric boundary were placed normalto the
two conducting plates and the dielectrics occupied
areas of S; and S,, as shown in the figure

then an assumed potential difference V, would & 3
produce field strengths E, = E, = V,/d /

C = 2 _ Ps191 T P59, _ g, ES, +¢,ES,
Vo Ed Ed

€5, +¢&,5,

- d

.C=C,+C,

C
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Multiple-Dielectric Capacitors

D6.2. Determine the capacitance of: (a) a 1-ft length of 35B/U coaxial cable.
which has an inner conductor 0.1045 in. in diameter, a polyethylene dielectric
(¢, = 2.26 from Table C.1), and an outer conductor that has an inner diameter of
0.680 1n.: (b) a conducting sphere of radius 2.5 mm. covered with a polyethylene
layer 2 mm thick, surrounded by a conducting sphere of radius 4.5 mm: (¢) two
rectangular conducting plates, 1 cm by 4 cm, with negligible thickness, between
which are three sheets of dielectric. each | cm by 4 ¢cm., and 0.1 mm thick. having
dielectric constants of 1.5, 2.5, and 6.

Ans. 20.5 pF; 1.41 pF; 28.7 pF
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